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LOI NOI DAU

Sau hon hai ngay vat va lam ngoi lam dong bai tap giai tich I ctia K58 nay
thi c6 mot sy buon nhe 14 ngudi minh da mét 1t :-(. Trong qué trinh danh
méy khong tranh khéi sai sot va c6 thé 1i giai con chang ding nita =))
mong dudc cac ban gép ¥ dé minh stta cho ding :D ( n6i thé thoi chit sai
thi mac xac chit 1ay dau time ma stta v6i ché stia nita :v). Trong nay con
mot s6 bai minh chua lam duge -( vi hoc 1au roi nén ciing chang nhé nita
:D. Hy vong no6 sé gitup cho cac ban K58 va nhiing ai hoc cai thién, hoc lai
mon nay c6 duge diém "F" =))

Chic cac ban hoc t6t !
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Chuong 1
HAM MOT BIEN SO

1.1-1.5. Day s6, ham sb, giéi han va lién tuc

1. Tim tap xac dinh ctia ham s6
a. y = v/log (tan z)
(
cosx # 0
cosx # 0 >4 +km
§ tanz > 1 & & (keZ)
tanz > 1 r# 5+ km
| log (tanz) > 0
b.y:arcsinﬁr—xx
)
x # —1
l+2#£0 x4 —1
& < 3 3x > —1
-1< £ <1 —l-z<2r <142
r <1
\
& —1<z<1
¢y siﬁx
x>0 x>0 x>0 x>0
= = =
sintx # 0 wx # km r#k &7

c. y = arccos (2sin )

—1§2811’1£B§1<:>—%§Sil’1$§%
—5 t2km <x < § +2km

=3 (ke Z)
%+2k7r§a:§%r+2k7r

2. Tim mién gi4 tri clia ham s6

&

.y =log (1 —2cosx)
DK: cos:v<%(:)§—|—2k7r<x<%”—|—2k7r
M3t khac ta c6 1 —2cosz € (0,3] = y € (—o0, log 3]

b. y = arcsin (log 1—%)


http://www.facebook.com/HiepKoi37
mailto:hiep.giapvan@gmail.com

Facebook: Badman hiep. giapvan@gmail. com

DK

z >0 c T T
~ve(53)
‘logf—o‘gl 272

3. Tim f(x) biét
a f(2+3)
batt=z+1 (¢ >2)

2 1
ZE—|—P

1 1
:>t2:x2+;+2:>t2—2:x2+ﬁ:>f(a:):x2—2

b. f (Hix) = 72
Datt =& (t#1)
t ) t2 7

:>£U=1—_t:>513 :(1_t>2:>f(:r:)=

4. Tim ham ngudc ctia ham s6

a.y=2r+3
D=R
:c:3’2;3:>h\amngmjccﬁah\amy:2x—l—313y:%.
D=R\{-1}
L%yt |—gep=iY
T A 14y

5 N TN P I P
Suy ra ham nguge cua ham = la y = =7

c.y=s(e"+e™),(z>0)
D =10,40)
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Dit ¢ = e* (t > 0)
y=s(t+H et?—2yt+1=0
A =y? -1
t=y+ \/ﬁ
t=y—1y2—1, (loai)
= e’ =y+ \/y27—1
Suy ra ham ngugc
y =In (x + \/ﬁ)
5. Xét tinh chdn 1¢ ctia ham s6
a. f(x) =a"+a", (a>0)
f@)=a"+a" = —f(2)
Suy ra ham f(z) 1a ham chan

b. f(z) =In(z + V1 + 2?)

f(=x)=1In (—aj+m) = ln;f‘L—\/ll%”; =—1n (az+m)

= —f(x)
Suy ra ham f(z) la ham 1é.
c. f(x) =sinx + cosx
f(=x) =sin(—x) +cos(—x) = —sinx +cosx # f(x) va — f(z) suy ra f(x)
khong 1a ham chén ciing khong 1a ham 1é.
6. Chiing minh rang bat ky ham s6 f(x) nao xac dinh trong mot khoang
déi xtng (—a,a), (a > 0) ciing déu bicu dién duge duy nhat dusi dang

tong ctia mot ham s6 chdn véi mot ham so 1é.

Chiing minh. Gia st

f(x) = g(x) + h(x) (1)
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trong dé g(z) 1a ham chén va h(z) 1a ham 16. Khi d6

f(=x) = g(=x) + h(—=x) = g(x) — h(z) (2)

(1) + (2) ta dugc
fl@) + f(—x) = 2g(x) = g(a) = LD
(1) — (2) ta dugc

f(z) = f(—x) = 2h(z) = h(x) = {22 -

7. Xét tinh tuan hoan va tim chu ky ctia ham s6 sau (néu co)
a. f(x) = Acos \x + Bsin Az

Goi T la chu ky. V6i moi x ta co

fl+T) = f(z)

& AcosA(z+T)+ BsinA(z+7T) = Acos Az + Bsin A\x

& Acos Axcos NI — Asin Az sin \XT' + B sin Ax cos AT+ B sin X1 cos \z
= Acos A\x + Bsin \x

néncos)\T:1:>)\T:2k:7r:>T:2kT”
va 27” 1a chu ky nho nhat.
b. f(z) = sin(z?)
Ta co W—M:m%()khik%+oo Suy ra ham
f(z) khong tuan hoan.
c. f(z) =sinz + 5 sin 2z + g sin 3z
Ta co
sin z tuan hoan chu ky 27
sin 2z tuan hoan chu ky =

sin 3z tuan hoan chu ky 2

Suy ra f(x) tuan hoan chu ky la BCNN ctia 2, 7, 2F 1a 2.

6
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d.

f(x) = cos’x

Ta c6 f(z) = FE2 = f(z) tuan hoan chu ky 27

1.6-1.7 Gi6i han ham sé

8.

a.

Tim giéi han

2100 _2g41
}Jfﬂ 2502711
21009541 L 1002992 _ 98 __ 49
hr% 70 2z+1 glgl_n 50sP—2 48 T 24
Jim &=a)—ne” Tw=a) 4, e N
" roa (x_a)g ’
lim (x"—a™)—na" " (z—a)
r—a (x_a)z
L .. n—1_, n-1 L _. (n—1)z"2 n(n—1)a" 2
= lim & na = lim n —
T—a 2(3’5—@) Tr—a 2 2
. Tim gi6i han
hm T+ x+VT
" z—+oo Vrtl
. T/ T+V/T N
lim Y—F——= lim ¥==1
T 400 Va+l rtoo VI
: 3/ .3 2 _ 1 _
Hm (VaP bt =1 =)
lim (Va3 422 —-1-x)
T—r+00
= lim 2ol
T—+00 \/:1:3—1—952 )2+$m+x2
2
— lim 2 =1
T—r+00 3u? 3
lim V1+ax— Y1+5x
z—0 v
lim V1+oxr— Y1+8x
z—0 r
: V1tazr—1 . YV1+px—1
= lim Y~—~— — lim Y———
x—0 r—0 z
_a_f
m n
lim V1+tar Y1+pr—1
z—0 r
lim Vitazr V1+pzx—1
x—0 .
— lim "\/1—|—ﬁx[ m\/1—|—ax—1]—|— V1i+px—1
z—0
— m nw/1+ﬁx[m\/1+ax 1] 4 Jim VB
70 z—0 v
_ o B
T m + n

hiep. gtapvan@gmail. com
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10. Tim gi6i han

sinx—sin a

a. lim
r—a

T—00

lim =202 = [im cosx = cosa

T—00 T—00

b. lim (sin vVa+1-—sin \/5)
T—>+00
Ta co

‘sin v+ 1—sin \/E|

z+1—
2

z+1
2

_ ‘2sin

: 1 1 1
<2 Sm—z(M+ﬁ) <\/m+1+ﬁ<2ﬁ—>0

Suy ra lim (sinyz +1—siny/z) =0

T—+00

y/cosz— Jcosx

c. lim —
$—>O S xr

y/cosx— J/cosx

lim —
2—0 sin“x

lim w/cos:c 1 _ lim \/cos:v 1
_a:—>0 sin’x 2—0 sin’z

_ cosr—1 — lim cosr—1

o }zi% sin®z(y/cosz+1) ;50 sin gzj(\/cos2 —&—\/@—i—l)
Cof) ) -

= lim

131—>O 2 ?a)c—>0 12
COS & COS 2 COS 3T
d. aljli% l—coszx
: 1—cos x cos 2x cos 3x
}jli}(l) l—cosx
_ hm 1—cos x+cos x—Ccos T cos 2x+c0S & cos 22— C0S T cos 22 Cos 3T
- 20 1—cosz
sz(1—cos 2 . . 5924 (1—cos
— iy lzcosz 1—cosT +1 cosx( cos 2x) + lim cos z cos 2x(1—cos 3x)
70 1—cosz l—cosx 20 l1—cosx
. 4x° /2 . 9x2 /2
:1—hm( /) hmwzlél

z—0 552/2 x—0 332/2
11. Tim giéi han

z—1

a. lim (&=L)""
" roo \ 201
1

: z2—1Y\ _ o
azh—>rgo <x2+1> =1 = lim <x2—1>$+1 —1
lim (1) =1 moe N
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b. lim y/cos+/x

z—0t

lim n(cos \/E)

lim y/cos+/x = 11I61+ (cos \/_)7” = g0t "
T—

z—07t
lim 71“(1+°°jf‘1) lim cosva-l lim —2/2 1
— ew—)0+ = ez~>0+ —_— €m~>0+ — 6_5
c. lim (sin(ln(x 4+ 1)) —sin (Inxz))
Tr—r00
lim (sin (In (z 4+ 1)) — sin (Inz))
Tr—00
. In(z+1)+Inz . In(z+1)—1
= 2 lim cos H(HQHM sin H(HQ) ne
T—00
. nz(z+1) . In(1+2
= 2 lim cos m(;“L ) sin (2 :)
T—r00
] D) v e 1o 1 . In(142 ~
Do cos % bi chin va lim sin (2 ) _ 0 nén

T—00

lim (sin(In(z 4+ 1)) —sin(Inz)) =0

T—00

d. lim n? (Yz — "V/z),2 >0

T—00

lim n? (Yr — "Vr)= hm n2gt/(n+ D) (xl/("zﬂ) — 1)

T—r00
— lim n_le/n—i—l( /(” +”) ) —1

w00 oM 1/(n2+n)
Do
2

e
Jim s =1

nxr

lim o7 = 1
(;Cl/(n2+n)—1)

lim

T—00 1/(n2+n)

12. Khi x — 0" cap VCB sau ¢6 tuong duong khong?

a(z) =x+r va B(z) =" —cosw

=Ilnxz

Ta co
=z + & ~ V/x khi z — 0F
ST — 1 ~sing ~ x
1—cosz ~ % khi z — 0*

2
= f(x) =" —1+1—cosx ~ e — 1 ~sine ~x

Suy ra a(x) va B(z) khong tuong duong.

1.8 Ham s6 lién tuc
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13. Tim a dé ham s6 lién tuc tai z = 0

l—cosz £
= neu x #0

a. () = ,
a neu =20
Ham f(z) lién tuc tai = 0 khi va chi khi 1in(1) f(z) = a hay
Tr—r
iy 52— — o
ax® + bxr + 1 vl x>0
b. g(x) =
acosxr +bsinx véi <0
Ta co

g(0) =a.0>?+b0+1=1

lim g(x) = lim (acosz + bsinz) = a

z—0~ z—0~
li =1l 24+b 1) =1
Jm g(x) = lim (az® + bo + 1)

Ham g(x) lién tuc tai x = 0 khi
lim g(z) = lim g(z) =¢(0) = a=1
x—0*t x—0~
14. Diém z = 0 13 diém gian doan loain gi ctia ham s6

__ 8
a. Y = {5cotgz

er— 0 = cotex = —oc0 =2 (= liml_z%:éB

z—0~
e x — 0" = cote — 400 = 2" - 400 = lim 1_2%:0
z—0~
Vay x = 0 la diém gian doan loai I
v L
b. — SIHI
e%—i-l
Chon z,, = % — 0~
L
Do d6 sinx, = sin(nr) =0 = lim 7= =0
r—0~ er+1
_ -1 —
Chon z,, = ST 0
Suy ra sinz, = sinz, = sin (=207 — &) = —1 = lim 22 = —1
y n n ( 5) lim ==

~ X . . S111
Suy ra khong ton tai lim ——=
r—0~ er+1

Vay = = 0 1a diém gian doan loai II

azr bx

c.y=—,(a#Db)

10
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ax bx
lim y = lim y = limy = lim <=
z—0— x—0+ x—0 =0 T
br
= lim&<=L! _lim&=Ll=q—-b
r—0 z—=0 T

Vay = = 0 1a diém gian doan loai I
1.9. Dao ham va vi phan

15. Tim dao ham ctia ham s6

(1—$ khi z<1
fl@)=¢ 1—x)2—2z) khi z<1
\I—Z khi z > 2

= khi =<1

fl@)=4q 2243 khi =<1
1 khi = > 2

\
16. Véi dieu kién nao thi ham sé
" Sin% khi z#0
flz) = (n € Z)
0 khi z#0

a. Lién tuctaix =0

Dé ham lién tuc tai z = 0 thi lim 2" sin l =0

z—0

Vi ’sml‘ <1= lima" sm——O:>hmx =0=n>0
x—0 x—0

b. Kha vi tai x =0

Af FO0+A2)—f(0) _ =l 1 _
N T

=>n—1>0=n>1
c. C6 dao ham lién tuc tai x =0
V6i moi x # 0 ta ¢

1 z" 1 1

f'(z) =nz"'sint — L cost = z"? (nsin< — cos 1)
X xZ x x x

f(z) c6 dao ham tai z = 0 khi
lim f'(z) =0 < lima" % (nsin+ —cos<) =0 =n> 2

x—0 z—0

17. Chiing minh rang ham s6 f(z) = |z — a|p(x), trong d6 p(z) 1a mot

ham s6 lien tuc va p(a) # 0, khong kha vi tai diem = = a.

11
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Chiing minh. Ta c6

Fa) = (z—a)p(r) r>a
(a—x)p(zr) x<a
| @) e

—p(z) +(a—z)¢'(r) z<a
= f+'(a) = ¢(a), f-'(a) = —p(a)
Do p(a) # 0= f,'(a) # f-'(a) Suy ra ham f(z) khong c6 dao ham tai

x = a nén khong kha vi tai x = a. ]

18. Tim vi phan ciia ham s6
a.y = +arctan £, (a # 0)

dy = ( arctan £ ) dx =

2
b. y = arcsinZ, (a # 0)

dy = (arcsin )da:— \/ajiiﬁ
c.y =35, (a#0)

dy = (3;In |553]) do = 2

d. y:ln‘x—I—\/:CQ—Fa‘
dy = (In (z + V2?2 +a2))/dx = \/3%
19. Tim

a. dd (:z:3 — 20 — xg)
(

d(ig) 3 — 225 — xg) =1— 423 — 32°
d inx
b. d(x?) (Sx )
d (sinx) _ xcosz—sinz
d(z?) \ =z 23
d(sinx)
c. d(cos x)
d(sin z) — _cotx

12
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20. Tinh gan ding gia tri ctia bicu thic
a. lg11
bat f(x) = logz rg=10,Azx =1

f(x) = f(xg) + f(wo) Az =~ log 10 +

d~1,042
101n 10 0

bat f(z) = Wg;—ﬁ 29 =0,Az =0,02
=Inf(z)=1[n(2-2)—In(2+ )]

f'(@) 1 1 1 4 1
=7 = il T os) = —iee
4 1 2—x
= /(@) =~y
Suy ra

f(x) = fzo) + [ ona:w/F 74 02\/2_ ~ 0, 9886

21. Tim dao ham cap cao clia ham s6

a. y =i tlnhy()

= () = e ()
k=0
Véi k>3 thi (22)" = 0 nen
_ 28: Ck(x2)(k>(L)(8*k)
n 11—z

(e x)”+82x(%)“+56-(ﬁ)(6>

Ta co

_ z28! 2x.7!

=ty T T x)
22814227 (1—2)+6!(1—2)> 8
- (1-z)° - (1-a2)’
b.y= \}ﬂ tinh y(100)

13
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(100) (100) (99)
g1 — (H ) = (14 () +100( )

_ _ (Ogapioon 100197
2100(1—2)' % 1=z 29(1-2)"vI-2
(199(1+2)+100.2(1—2)).199.197!!
2100(1 )" /T—¢
_ (399—12)197!!
T 2100(1 )"0 T
c. y = 22, tinh y!

y(10) — (x2€2m)(10) — 2 (62x)(10) 4 20x(62x)(9) 4 9O(€2x)(8)

= 2104227 | 904.2%2% 4 9().28¢27

10)

29e% (227 + 20z + 45)
d.y= 2% sin x, tinh y(50)
y = (@ sin) ™ = a2(sin ) * 4 100 (sin 2) * + 2450(sin )™

= 2%sin (z + %97) + 1002 sin (22%) + 2450 sin (47)
= —22sinx + 100z cos x + 2450 sin x

22. Tinh dao ham cap n ctia ham s6

a-Y =
Ta co
Y=g =73 %ﬂ*’ﬁ)
=y = 3"+ ()"
)" - ()]
=3 [(_1)(n) FrTL fi)"“}
by = :1’):1;+2
Y= x2—?1)x+2 —xl+1 —xl+2
=y = (fﬂ)(n) - (ﬁ)(n) = n! ((x+11)”+1 B (x+12)”“> x 71,2
c.y= \37&7
y= i =(1+z)
y(= ((1 + x)_il”x) " ((1 + x)‘§> e n((l + x)‘§>(n_1)
ta co

14
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L1\ (n—1) ) n—2 1
<(1 + ) 3> = (_5) (_%) T (_3 3 ) (142)""3
= (-1)" ' 14...3n—5)) —2

3n—1 (1+1’)n7%
n) (71)7171 3n+2x
=y _3—n(1.4...(3n—5))m,n22,x#—1

d. y = e™sin(bx + ¢)
Yy = ae™ sin (bx + ¢) + be™ cos (bx + ¢)

Dat singp = ﬁ,cosgp = \/a+w
=y = Va? + b*e™ (sin (bx + ¢) cos p + cos (bx + ¢) sin @)
1
= (a® + b%)%e“ sin (bx + ¢ + )
St dung quy nap ching minh 3™ = (a2 - 62) 2007 gin (bx + ¢ + ny)
That vay v6i n = 1,ding. Gia sit dang v6i n = k tic la
k
y*) = (a® + %) *e™ sin (bx + ¢ + ko) (%)
Ta sé chiing minh
k+1 2 g2\
y ) = (a®+ %) 2 e"sin(br+c+ (k+1)p)
Dao ham 2 vé clia (%) ta duge
k
2

/
41 = (y<k>> = (a® + b%)?¢* (asin X + beos X)

trong d6 X := bx + ¢+ k.
Mat khac

asin X+bcos X = /a2 + b?sin (X + ¢) = (a® +b2)%sin(bx+c+ (k+1)¢)
Suy ra

y ) = (a® +b%) T e gin (bx+c+ (k+1)¢p)

15
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1.10. Céac dinh ly vé ham kha vi va tng dung
23. Chitng minh rang phuong trinh 2" + pz + ¢ = 0 v6i n nguyén duong
khong thé c6 quéa 2 nghiém thuc néu n chin, khong c6 qua 3 nghiem thuec

néu n 18é.

Chiing minh. Goi P,(z) := 2" + px + q.

= P/(x) = na" 1 +p. Da thitc P,(z) c6 n nghiém thuyc hosic phitc phan
biét hodc trung nhau va da thic P)(z) ¢6 n — 1 nghiém thyc hodc phiic
phan biét hoac trung nhau.Nghiém cua da thitc dao ham la nghiém cua
phuong trinh 2" ! = —E. Phuong trinh nay chi c¢6 1 nghiém thue khi n
chén va khong c6 qua 2 nghiém thyc khi n 1é. Do d6, néu n chén va P,(x)
c6 3 nghiém thyc phan biét xy, 9, x3 thi a4p dung dinh 1y Rolle vao [x1, 23]
va [x9, x3] s& suy ra dugc da thic P.(x) c¢6 it nhat 2 nghiem thyc (vo ly

v6i 1ap luan trén). Tuong tu v6i trudsng hop n 1€. O

24. Giai thich tai sao cong thic Cauchy dang J;Eg;:gfs)) = g:(c)

dung dugc doéi véi cac ham s6

f(z) = 22 glx) =23 —-1<z<1

Gié thiét cong thic Cauchy can ¢6 ¢'(z) # 0. O day ¢/(z) = 0 tai z = 0.
Vi vay khong thé ap dung cong thiic Cauchy véi ham cac ham s6 nay dugce.
25.Chiing minh bat ding thic
a. sinz —siny| < |z — y|

Xét ham s6 y = sint trén [z, y], theo cong thic Lagrange ta c6

fly) — f(z)
Yy—T

:f/(C> = (ZB,y)

siny —sinx = (y — x) cosc = |siny — sinz| = |y — | |cos ¢|

16
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vi|cosc| <1 nén [sinx —siny| < |z — y| (dpcm)
b b
b. = <In; <%=, 0<b<a

Xét ham s6 f(z) =Inx,z € [b,al,b > 0. Theo cong thitc Lagrange ta ¢

@)= ) = (a=b)f'(e), b<c<a

tiac 1a

1
lna—lnb—(a—b) :>1n5—(a—b)—
c

vi b<c<a nén

Suy ra

26. Tim gidi han

o tim (Ve ViR - i)
i (Vo - V)
:xﬂrfoo Wgw

b. lim (—1—%)

z—1
1
lim ( z L) — lim xlnx—x—i—l = lim Inz+1-1 & hm z 1
z—1 z-1 Inz z—1 (z—1)Inz r—1 Iz 1_* z—1 %""% 2
c. lim et —con
T roo 1-4/1-%

x

e =1+1+ 110 (L)

Sl =1t (2)

cos——l—— 2+03(x2)

— 6%—C05% _ 1+w+2 2+01( )7 +% %*Og(z%)
1—\/1—% 1-1-315+0y( )
. eT —cos + ) 1

= lim ———= = lim % = ¢
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d. lim e?sinx—x(l+x)

z—0 a?
lim e*sinz—z(l4x)
x—0 a?
L T o3 xr
= 134 €0 sinz+4e® cosx—2x—1
L
é lim e” sin x+e” cos x+e” cosx—e” sin x—2
z—0 6z
é lim 2e”cosx—2e"sinx _ 1
z—0 6 3
e. lim tan ZF In(2 — x)
r—1 2
) . In(2—2) L .. o . 2sin?(Tz
lim tan 5 In(2 — ) = lim n(tﬂf) =lim —=%— = lim # —2
r—1 r—1 Ot =1 25.2(8g)  a—l m(2-1) &
_1
z—0
1 —a an2x —1
1' 1 _ 2 xrsinx __ 1' 1 . 2 xzin:[; ‘atan2z
1m atan“z = hm atan“z
z—0 ) 2 z—0
— ewli% x sin x — e—a

27. Xac dinh a, b sao cho biéu thiic sau day c6 giéi han hitu han khi z — 0

Ta co
2% — sin®x (1 + ax + bx2)

f(:l:)— 3

r3sin’x

Tailan can z =0
sinx:x—g—?—l—o(:v?’)
‘ 3
933[x—§—f+0(x3)} = 2% + o (29)

sin’z (1+azx+ba?) =2+ axt + (b— %) 2’ + cx® + o (29)

=
trong d6 c 1a hé sb ctia 2°.
az' + (b—3) 2° + ca® + o (29)
28 + o (x9)

= f(x) =
Dé ton tai giéi han hitu han thi a = 0,b = 1.
28. Cho f 1a mot ham s6 thyc kha vi trén [a, b] va c¢6 dao ham f”(z) trén
(a,b). Chitng minh rang véi moi x € (a,b) c6 thé tim dugce it nhat mot
diém c € (a, b) sao cho

f(x) = fla) — {91 (g ) = Lmallz=d) g
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Chiing minh. Dat

Suy ra

Ja) = @) - TUZHD (x— “b)

Lay zy € (a,b), xac dinh X t diéu kién:

o(ao) = flag) — fla) - LT g gy Bz Zh),

Khi do, c6 ¢(xy) = p(a) = @(b) = 0. Theo gia thiét va dinh nghia ¢(z) thi

@(z) lién tuc kha vi trén [a, b]. Khi d6 theo dinh 1y Rolle v6i = € [a, o] do

d6 ton tai ¢ € (a,x) sao cho ¢'(x) = 0. Tuong ty ton tai cs € (¢, b) sao
cho ¢'(x) = 0.

Theo gid thiét f(z) c¢6 dao ham cap 2 nén ¢(x) ciing c6 dao ham cap
2 va ¢'(x1) ¢'(cz) = 0 nén theo dinh 1y Rolle ton tai ¢ € (¢, ¢y) sao cho
O"(x) =0, tic la ¢"(z) = f"(x) — A =0 hay

29. Khéo sat tinh don diéu cia ham sé
a. y = 4+

y' > 0Vz nén ham ting v6i moi x.
b. y = arctanx — x

Yy’ < OVx nén ham gidm v6i moi x.
30. Chitng minh bat dang thic

a. 2r arctan x > In (1 + 332) v6i moi x € R

19
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b.x—%§ln(1+x)§xvéimoix20

31. Tim cuc tri ctia ham s6

_ 3x44x+4

a- Y= el
_ z+1 1 _—a(at2)
y=3+gma =Y (z24z+1)°

Dau cia ¢ 1a dau ctia —z(z + 2).

Yy =0khix=02=-2.

Ymin = Y(=2) =5 Ymar = y(0) = 4.
b.y=x—In(1+xz)

Mién xac dinh: x > —1.

V=13
y' =0khiz=0vay"(0)>0dodo
ymm:y<0) = 0.
32. Khao sat ham sb
a.y:i—r—fci b.y=vad—22—x+1
4 _
c.y =1 dy=55
r=1—t r =2t — t
e. f.

a

g.r=a+bcosp, (0 <a<b) h.r:m,(a>0)

Chuong 2
TICH PHAN

2.1. Tich phan bat dinh
1. Tinh cac tich phan
a. [ (1= %) Vaads
[ (1= %) Vavde = [ (2% — 2
b. [ I sinZede

&l
N—
ol
8
|
=
8
PN
+
N
8
%‘H
_|_
Q

20
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[V1—sin2zde = | \/(sinx — cosz)’dx = [ Isinx — cos x| dx
sinx —cosx, SInx > cosx

—sinx +cosx, sinx < cosx

dx
c. fx\/a:Q—i—l
bat Val+ 1=t =22=t>— 1= xdr = tdt

f x\/ingl - f ;ﬂjingl - f tQtdtl 2 f ( tJrl) dt = 3 1n ‘t+1| + ¢

1hq \/—”xzj:ﬁ +C
d. f x2$d1363/2
zde 1 d(xzfl) 1 2 _ 5 _ —
f@z m; _2f(x2_1>% =3 -1)7.(-2)+C= =5 +C

xdr
e. | oG @+2)(z15)

I%:\[<3(x5—&—5)_3(x2—1—2)>d %(51n\x+5|—21n\3:+2\) +C
dz
£J (a-+a)”(2+b)”

Néu a = b.

dx dx -1
/(az+a)2(:v+b)2 _/(:c+a)4 B 3(x +a)’ e
Néu a 7é b.

1 1 1 )2
(z+a) ac+b)2 (b—a) (era N erb)
1 1 1
( — m-i—a B m-i—b) + (IH))Q)
_ 1 -1 z+a 1
= f (+a) (m—&—b)  (h—a)’ (x+a o mln ‘:c_+b N x_+b) +C
g. [sinzsin(z + y)dz
[sinzsin(x + y)dz = [ (cosy — cos (2z + y)) dz

= sxcosy — ysin 2z +y) + C
f l—i-smaz?dgj

sm xT
/ ilslmfdﬁ =/ (8111255 + Sirlm> dx = —cotz — Inlsinz| + C
2. Tinh cac tich phan

(z+a)* x—|—a x—|—b + (x +b)2)
era

a. farctanxdx

21
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Dat
uw = arctanx duy = 42
— 1+
dv = dx V=2
= farctanxda: = rarctanz — fﬂ; = rarctanz — %ln ’1 + x2‘ +C
42
b. f V- 53:—1—

r+2 _ 2x—5 1 9dx
f\/mdx Sl B e Ll v e
=22 —br+6+2[——&__ 1 (C
STV

:\/x2—5a:+6+%1n‘x—g+\/a:2—5x+6‘+C
C-f xdx
VittoTe

f xdx f 2241 dr — lf dx
Verrore  2J Virrar2 Va2+z+2

=Vt +2—4 [ —L Iy
v (#+3) +4

N g, B Y P G e B
d. [ 2V —2?+4 3z — 2dx
(=22 + 3)V—2?+ 3z — 2dz + 2 [ V—2? + 3z — 2dz
—%\/—x2+3x—2+%f\/l— x—§)2dx
:—%\/—x2+3x—2+%(z * 2243z 241 arcs1n< 2§>)+C

dx
e | ey
f dx s = f dx ,
(22+22+5) ((z+1)*+4)
bat t = x + 4. Tich phan tré thanh

f x2+2x+5 (224+22+5)2 f (z

f 1 t2dt
t2+4 — 1 t2+4 (t2+4)°

t_ 1 [ 2tdt
= farctan £ ftt2+42+0

+1

1 1
=3 arctan + 8t2+4 3 t2+4 +C

+C

1
= 15 arctan +

8 t2+4

f. [sin" tzsin(n + 1)zdz
Dat

22
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[ = [sin" zsin(n + 1)axdr = [sin” 'z (sinnz cosx + cosnzsinx) dx

= f sin”lx sin nx cos xdx + f sin"x cos nxdx

[ sin" 'z sinnz cos xdxr = [ sinnad (%sin”aj)

= %sin”az sinnz — [ cosnasin"xdx

= [ = %sin”x sinnz — [ cosnasinxzdx + [ cosnzsin™xdx

= %sin”x sinnx + C

g. [ e * cos3wdx

Ta co

/€2I cos 3xdr = e ** (Acos 3z + Bsin3z) + C

lay dao ham 2 vé ta dugc
[ e cos 3xdx = e=* (Acos 3z + Bsin3z) + C

e 2 cos3xr = e [(—2A + B) cos 3z — (2B + 3A) sin 31]

—2A+B=1 A=-2
= =

2B + 34 =0 B=2

= [ e * cos3xdr = e ** (—% cos 3r + % sin Sx) +C
h. fo In zdx

2 dx

1—22

f arcsin’zdr = xarcsin®z — 2 f T arcsin

— yarcsin’z -+ f 2 arcsin xd (\/ 1— x2)
— garcsin’z + 24/1 — x? arcsinz — 2 f dx

— garcsin®z + 2v/1 — 22 arcsinz — 22 + C
3. Lap cong thic truy hoi tinh I,

a. I, = fx”ewda:
Dat

23
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" =u du = nx" tdx
=

dv = e*dx v=-¢e"

= I, =¢e"a" —n [ 2" te"dx = e"a" — nl,_,
b. I, = [ &

cos™ x

In:f 1 dx :fd(tanx)

cos"2g cos?z cos" 2z

=_ar _(n—-2)f sin’e 7.

cos™ 2y cos™x
_ i 1 1
T cosslg—xlx o (n o 2) f (cos”x o cos"‘%) dx
:%—(n—Q)In—(n—Q)In_Q

_ 1 sinx n—2
= In T n—1cos" 1z n—lln_2

2.2. Tich phan xac dinh
4. Tinh cac dao ham

dyt2
a.%fe dt
X

dthd_y2/ 22 22
%fe t=e’y —e' v =—e¢
x
dyt2
d g tht_ Y2, 2,0y
@fe =y —e"a' =e
x
583
e 4 dt
Cdr J 1444

8
S

1’3
ij‘ i _ 322 2
dz J 1+t Vida2 /1428
X

5. Dung dinh nghia va cach tinh tich phan xac dinh, tim céac gi6i han

: 1 1 1 1
a'T}L)I&[@+na+ﬂ+na+2ﬂ+.'.+m:|7(Oz7ﬁ>0)
n—1 1
= lim & 1 de 17, a+f8
_Jl—glonkzoa#f_oa%x_ﬁln o
1 1 2 n
b Jm (i b VT
1
=lim 1> /1+E=[VI+ad=2(2vV2-1)
n—o0 " 1 0

6. Tinh cac gi6i han

24
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sinx

| Vtantdt
a. lim 2

z—0F f Vsin tdt

sin x

f Viantdt ,
cos ¢4/ tan(sin )
llm tan:c - 1 \/sin(t'lna:)
x—07F [ Vsintdt x—07F T
0
— lim tan(sin x) é lim sinz _
z—0+ 4/sin(tanz) 0+ tan
[ (arctant)®dt
b. lim *—F——Fo—
T—+00 Vaitl
x
2
arctant)”dt
lim Of(—)é li ectana)® a2 (g —1
T——400 V241 T——400 \/fgﬁ 47\ 2540 V$2+

7. Tinh cac tich phan sau

a. [ |Inz|(x+1)dx
1/e

[ Inz|(z+1)de = — fln:z:(:z:+1)da:+flnx(x+1)d:c
1/e 1/e

(z41)? I f x+1 % da (x+1)

1 e
= —Tlnx‘
1/e

(z+1) 2da
e

lnx‘
1/e

Dét ¢t = tan 5
/6

sin’z cos z
d. { (1+tan :17) d{,l?

/6 /6
f sin’z cos dZC_ f sin’z cos x deS'

0 (l—l—tan 3’3) (1/005 a:)
/6 /6

= f sin?zcos®xdr = f sin2a:(1 — Sin2x)2 cos xzdx
0 0
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Dat t = sinx = dt = cosxdz. Tich phan tré thanh

1/2 , 1/2
Of (1 —1t3)7dt = Of (82 — 2t + %) dt = 395
/2
e. bf arcsin , /Hixdx
Dat
t2 2tdt
t = 2 — = = dx =
l+z 1+ 1—¢2 * (1—2)*?
Khi dé
V3/2
f arcsin  /77-dr = f arcsin t Qtd;fm
V2 e
=— [ arcsint——m
0 ( —t )
V3/2
= ljtg arcsint‘o / f —1tt2
:%_J
Dit t = sinp = dt = cospdp, 1 — t? = cos?p, V1 — 12 = |cos p|. Khi d6
/3 /3
d d -
J:/ ik i 4 :/—Sp—tangp|/3 V3
cos?y |cos ¢ cos?p
0
Vay
3
Ofarcsin1 /[Trdr = 4?” — V3
/2
f. [ cos"xcosnxdx
0

26


http://www.facebook.com/HiepKoi37
mailto:hiep.giapvan@gmail.com

Facebook: Badman hiep. giapvan@gmail. com

/2 /2 .
I, = f cos"x cosnxdr = f cos"xd (%)
0 0
/2

. /2 _ . .
= %COS”SI} Smna:!()/ + f cos" Lz sin x sin nxdx
0

/2
=1 of cos" 1z [cos (n — 1)z — cos (n + 1) z] dx

/2 /2
=1 [ cos" 'z cos (n—1)zdz—3 [ cos" 'zcos(n+ 1) zdx
0 0

/2
=1l,.1—3 [ cos"'zcos(n+1)zde
0

Xét tich phan

/2
[ cos" 1z cos(n+ 1) zdx
0

= [ cos" 'z [cosnx cos x — sinnx sin x| dx
0

/2 /2
= [ cos"z cosnxdr — [ cos" 'z sinxsin nzdr
0 0
=1,—1,=0
Vay ta c6 [, = %[nfl
tuong tu
I, = %Ian
I =1,
/2
IO = f dxr = %

8. Chitng minh rang néu f(z) lién tuc tren [0, 1] thi

w/2 w/2
a. [ f(sinx)de = [ f(cosxz)dx

0 0

/2 0

of f(sinz)de = — [ f(sin (3 —1¢))dt
/2 :;;

= [ f(cost)dt = [ f(coszx)dx
0 0

27
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5 f(sinx)dx

b. f zf(sinz)dr =
0

O—x

bat r =7 —t, taco
0
cf(sinz)de = — [ (m —t) f (sin (7 —¢))dt

™

(m — ) f (sin (7 — ¢))dt

C—x

7 f (sint)dt — ]Etf (sint) dt
0
wf (sinx)dr — | xf (sinx)dt

I
O =32 ——=32"y
S—x

= Qfxf (sinz)dt = [ nf (sinz)dx
0

O%.\_]O\Jﬂ

= fxf (sinz)dt =5 | f (sinw)dx
0

hiep. gtapvan@gmail. com

9. Cho f(z), g(x) 1a hai ham s6 kha tich trén [a,b]. Khi d6 f?(x), g*(z) va

f(x).g(z) ciing kha tich trén [a, b]. Chting minh bat dang thic (véi a < b)

(fb f(x)g(x)d:c> < ( fb f2(x)dx> ( jb’ gQ(x)dx>

(Bat dang thitc Cauchy-Schwartz)

Chiing minh. Ta c6
b

[ (af + Bg)*dz >0, (a < b)

a

f (@?f*+2a8fg+ B%¢*)dz >0

b b b
o? [ fidx + 208 [ fgdx + B* [ g*dz >0

Vé trai la 1 tam thtc bac 2 doéi véi a, tam thitc nay khong am nén ta

luon c6

2
<fbfgd;r:> — (fﬁdm) (fg%lx) <0
b 2 b b
= (ffgdx) < (ff%lx) (fg%lx)
2.3. Tich phan suy rong
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10. Xét dy hoi tu va tinh (trong truong hgp hoi tu) céac tich phan sau

0
a. [ we
bat x = —¢
0 0 +00
/:Uexda:: — / (—t) e 'dx = /te_tdt
—00 +00 0
Suy ra hoi tu va tich phan
0
[ zetdz =€ (t—1)|y =1
s
b. [ cosxdx
0
+00 A
/ coszdr = lim [ cosxzdr = lim sin :1:|O = lim sinA
A—+00 A—+400 A—+00
0 0
Vi khong ton tai lim sin A suy ra phan ky.
A—+o0
400 J
C. _{O (:c2+1)2
T T [od T
/—x 2:2/—“; =2 /—x 2+/—x 5| a>0)
(z2+1) / (2 +1) / (22 +1) (22 +1)
400
Do (xzilf < %,z € [a,400) nén ta c6 { : hoi tu. Suy ra tich phan hoi
tu.
bat x = cott.
+o0 /2 )
f (2+1) —Qfsm tdt =

f‘
0
11. Xet su h01 tu cua cac tich phan sau

&. ftanx T
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Ta ¢6 ——— c6 bac 3 so v6i 1 do d6 tich phan f ——dx phan ky.
1
b. f e;ifidfl
Ta c6
N7 x \/E 1 .
ez —1  sinz w \/_
suy ra vo cung 16n % khi z — 0 cung bac vé6i f do do6 tich phan

1
f VT dz hoi tu

esmx 1

0

c.j@x
0

400
In(14z)dx
d. 1f—x
V\ 111(1+$) 1 N t/ h hA +oold hA k\ t/ h hA
1 ——= > ~ . > e va tich phan lfgxpan ¥y, suy ra tich phan
[ nten)

1
+00 2

e. [ 6;; dx
1
Xéty =e* c6y = —2ze ™, nen y’ < 0khiz > 0. Do d6 ham y nghich
400
< &5. Mt khac { Ldx

dx phan ky.

bién khi z > 0. Suy ra e *°

+00 2
hoi tu nén f L
1

22dz
f. f a2+ 1

12. Néu f f(z)dz hoi tu thi c6 suy ra duge f(z) — 0 khi x — +oo khong?
0

400
Xét vidu [ sin (5132) dz.
0

+00
Tich phan [ f(x)dz hoi tu nhung f(z) khong nhat thiét phai dan dén

+00
0 khi 2 — +o00. Chang han: Xét tich phan [ sin(z?)dz.

bat 22 =t>0=dz = ta co

2\/’
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tich phan nay hoi tu, tuy nhien ham f(z) = sin(z?) khong dan vé 0 khi
x — +00, hay f(z) = sin(z?) khong c6 giéi han khi 2 — +o0.

13. Cho ham f(x) lién tuc trén [a, b] va xgrfoof(a:) = A # 0. Héi Zfoof(x)da:
¢6 hoi tu khong?

2.4. Ung dung cta tich phan

14. Tinh dién tich hinh phang giéi han béi

a. buong parabol y = 2% + 4 va dudng thing x —y +4 =0

1
1
S:/(a:+4— (#27)) de = ¢
0
b. Parabol bac ba y = 2 va cac duong y = z,y = 2z, (z > 0)

1 V2
S:/(Qaf—x)d$+/<2$—£€3)d$:§
0

1

c. Duong tron 2% + y* = 2z vi parabol y* = z, (y* < 7)
2
S=2] (\/456 — 12— \/Zx)da:
0
—x . _ 2 2
[(22 )\/41' —x2 4+ %arcsm QTID ‘0 — \/iéaj\/ﬂo

15. Tinh thé tich ctia vat thé 1a phan chung ctia hai hinh tru 22 + y? = a?
va y? + 22 =d?, (a > 0).

. Z. _ 16,3
Dap so: V = ZFa”.

Chuong 3
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HAM NHIEU BIEN SO

3.1. Ham nhiéu bién so

1. Tim mién xac dinh ctia cac ham sb sau

1

ot

Ham z xac dinh khi 224+ 3> —1>0= 22 +9%> > 1
b.z:\/($2—|—y2—1)(4—x2—y2)

Ham s6 xac dinh khi

2?2+ —-1<0 2?2+ —1>0

a. z =

4—x2—y2§0 4—x2—y220
v’ +y?>1
v’ +y? <4

y—1

C. z = arcsin —

Ham 2 xac dinh khi —1 < yT_l <1

= {(z,y) eR*>0,1 -z <y <14z}
U{(az,y)ER2<0,1—x2y21+x}
d. z = /zsiny
Ham z xac dinh khi zIny > 0.
é{(w,y)ERQZO,yZI}
U{(z,y) eR*<0,0<y <1}

2. Tim cac gi6i han néu c6 cta cac ham so sau

22— qy?

a'f(xuy):ﬂ—+y27 ($—>0,y—>0)

2 2

Dat f(z,y) = %2

- -T2+y2

Lay 2, =y = =~ — 0 khi n — o0
1
suyraf(xn,yn)::é+i:0—>0

Lay 2, = 0,y, = = — 0 khi n — o0
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Khi d6 f (7, y,) = 42 = —1 — —1

L
n2

Vay khong ton tai gidi han f(x,y) khi z — 0,y — 0

b. f(x,y) = sin Fat (x = 00,y = )
3.2. Dao ham va vi phan

3. Tinh cac dao ham riéng ciia cac ham s6 sau
a. z=1In (x—|— x2—|—y2>

/ 1 !

Yy
z = — Z =
T Sty Y o722 4 2+

b. z = y?sin

y
I x I ¥ z
Zg = YCos zy = 2ysin < T Cos
2_y2
Cc. 2z = arctan e
2 _
2, = —H~ 2 = 4
T .134—y4 564—y4
y3
d. 2¥", (x > 0)
AN SN Vi . | I y33 21
Zy = Y°x zy = a7 3y“Inx

zZ__ z _ z
u, =y w) =2V 2y ' Ine w)/ =2y’ lnylnz
1
f. u = ex2+y2+22
/ ﬁ 2x
u = —ertyitzt — =~
¢ (a2 4y +22)"
1
I __ 25,222 2y
Uu = —erty“tzt — <
y (22+y>+22)°
! ﬁ 2z
U = —ertyitzs — =2
? (@2+y>+22)°

4. Khéo sat su lien tuc va su ton tai, lien tuc ctia cac dao ham riéng clia

ham s6 f(z,y) sau
x arctan (%)2 khi z#0
0 khi x =

a. f(z,y) =
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Ham f(z,y) = xarctan (%)2 lién tuc tai moi x # 0. Ta c6

fay)l < ag

Vivay f(x,y) = 0 f(0,y) khi x — 0. Vay f(x,y) cing lién tuc tai = 0,
suy ra f(x,y) lién tuc trén R,
Véi z # 0 cac dao ham rieng f,'(z,y), f,/(z,y) déu ton tai va lien tuc.

[/ (z,y) = arctan (%)2 — if_gi

1 (@, y) = 2

Xétx =0,y #0

_ i L) =FO0y) s y\2 _ «
1 (0,y) = fllli% Dol — ]lllgr(l) arctan (£)" =%
fy/(O’ y> _ Ilgn(l) f(oaerk]z*f(Ovy) — ,1311%0 —0
— -
Néu y =0

/ — 1h f(h,O)*f(0,0) — |5 —
f2(0,0) = lim === lim 0 =0

/ — |1 f(ovk)_f(()?()) — |5 —
fy (0. y) = lim === lim0 =0

Vay f,'(z,y) lien tuc tréen R? va f,/(x,y) lien tuc tren R?\ (0,0)

xsing—yZSinx khi
b fry) = o K (2, y) # (0,0)
0 khi  (z,y) = (0,0)

Ham f(z,y) = L8YU80T Jian tye tai moi (z,y) # (0,0). Ta co

- x(y—%?—&-o(y?’))—y(x_%?+0(gc3))

f(x7 y) - x2_’_y2
wy(a?—y?) | wo(y’) —yo(a?)
3l(22+y?) + x2y?

Do d6 khi (x,y) — (0,0) thi f(z,y) — 0 = f(0,0). Vay f(z,y) lién tuc
tren R2.
V6i (z,y) # (0,0) cac dao ham rieng f,'(z,y), f,'(z,y) déu ton tai va lien

tuc.

y?—2?) siny—y(x2+y?) cos r+2xysinz
fﬂ?l(x7 y) = ( ) (£2+y2)2)

y?2—x?) sinz—y( 2?2 4+y?) cosy+2zy siny
fﬂ?l(x7 y) = ( ) (3(32+y2)2)
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Xét tai (0,0)
£./(0,0) = lim L8000 — iy g = ¢

h—0 h h—0
FOR)=F(00) _ 12y
£,/(0,0) = }Lli% k }g%o 0

Va khong ton tai giéi han  lim (T lim x
g g ()(Oof(y)()(oofy( ,Y)
Vay f/(z,y), £, (z, ) Tien tuc tren B2\ (0,0).

5. Gia st z = yf (22 — y?), 6 day f 1a ham s6 kha vi. Chitng minh réng ddi
v6i ham s6 z hé thitc sau luon thoa man
1

/ 17 _ =2
xzx—l—yzy =

Zac/ — nyf(x2 - y2)
z) = f(a® —y*) — 2021/ («* — i)

= Lo/ L) = oy f(a? — o) + L) 9y f(a? — )
_yf@®=y?) _ 2
y? y?

6. Tim dao ham cac ham sé hop sau day

2_ 9,2
a.z=e" 2" u=-cosx,v=+/22+ >

Ta co
/ / / / /
Zy = Zy Uy + 2y Uy
2_9,2 . 2_ 9,2
= e" 2 2u. (—sinz) + ¥ 2 (—4v) —=Z

Va2

= _eroste=2(a"Hy?) (2cosxsinz + 4z)

zy/ _ Zu,uy, + Zvlvy,
— 72 9.0 + e (—dy) —L—
_60082172(x2+y2).4y
b. zzln(u2+v2) ,u:xy,vzf
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/I 2u /I 2
ZU 7.L2+’U2’ Z’U 'LL2+’U2
I /1 I T
Ux — y’ Ux — g, Uy — x’ vy — _?
/ 2zy 2, 1_2
Ze = S5 2y 2,2, 22y
w2yt w2yt Yy
P I 2xy 2% -z _ 2(?J4 1)
x 22y2 420 x2y2+% y? y(y*+1)
c. z = arcsin (z — y) ,x = 3t,y = 4¢3
/ 1
Z _—
! 1-(z—y)*
P ae—— 1
y 2
Vi1=(z—y)
) 2
Ty = 37 Yt — 12¢
=z = 1 3 — 1 12¢2

\/1—(3t—413)? V/1-(3t—413)?

7. Tim vi phan toan phan ctia cadc ham sb

a. z = sin(z? + 3
dz = cos (:152 + y2) d (x2 + y2) = cos (5(:2 + yQ) (2zdz + 2ydy)
b. Intan £

gy — 1 1 d(y):+d<y>: (xdy — ydz)
sin

tan % COSQ% T Y cos % T 72 sin 2y
c. arctan &
z—y
dZ — 1 d T+y
1+(””+ u)* 7\ ey
(z—y)° 2(zdy—ydx) _ zdy—ydx
2@ y?) (a—y)? T 2P
2
d.u=2aY%"

22— 2 2z 2
u, = y?zax? 7l w) =2V Inx2yz, u/ =2 . Inxy

= dz = 2¥** (yi—zdx +2yzInzdy + 3% In xdz)

8. Tinh gén dﬁng

o
ib
Q
p_\
o
M

+(0,05)°
Xét f(x,y) = \/x2+y Taco A= f(1+ Az,0+ Ay)
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trong d6 Az = 0,02, Ay = 0, 05.

2y

/ - 2z ! = S
L@y) = o () = o=
Do do6

2
(AT, 04+Ay) ~ f(0,1)+£/(1,0)Az+f,/(1,0)Ay = 143.0,02 = 1,013

b. B =In (/1,03 + /0,98 — 1)
Xeét f(z,y) =In (Vz+ ¢y —1). Taco
In (¢1,03+ /0,98 — 1) = f (1 4+ Az, 1+ Ay)
trong d6 Az = 0,03, Ay = 0, 02.

/ _ 1
fx ('Tvy) - 3{”/?(%+<1/§_1)

! _ 1
I @ 9) = S

Do do

FO+ Az 1+ Ay) ~ f(1L1) + £/ (L) Az + £,/(1,1)Ay

=0+ 22 — 22 =10,005

9. Tim dao ham ciia cac ham s6 an xac dinh béi cdc phuong trinh sau

a. 2%y — y’z = a*, (a > 0), tinh 3/
Fx,y)=2% -9’z —a*=0

F, =32%y — 4y, F,/ =2 — 3zy?

o(32247)

r_ _ B
=Y = F,/ T x(3y?—a?)

b. z +y+ 2z =¢€? tinh 2./, 2,/
F=e—-o2—-—y—2=0
F/=-1, F/=-1, F/=¢ —1

1

I __ ! __
= A =2y T E
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c. arctan ¥ = ¥ (g > 0)

a a’

F I _ 1 1 _ a
T (m)Te () e
= a _ 1 (z+y)* 1
Y (aty) e a (¢+y)*+a2a
2
é / — a
Y= oy

d. 2% +y* + 2% — 3zyz = 0, tinh 2./, 2,
F=a23 4+ 4+ 2% 30yz=0
F,' =32* —3yz, F,/=3y*—3xz, F.'=32*—3xy
2

2
I yz—a r__ w2—y
= 2y = PIzy) Y T P—ay

10. Cho u = z:[j, tinh u,’, u,’ biét ring 2 1a ham s6 an cla z,y xac dinh
béi phuong trinh

ze® = xe’ 4+ yey

Ta co
! _ (y—&—z)(l—i—zx’)—(a:—i—z)%’ _ y—=x / 1
Yo = (y+2)° =y t e
U [ (y+2)z) = (z+2)(1+2,) — Y-z > I _xtz
Y (y+2)” w+2)""Y  (y+2)?
Mt khéac 1ay dao ham theo x 2 vé ta ducc
e’ (x +1)
z V4 / X X /
e = —
(ze* +€%) 2z, =xe” +e 2y 11
tuong tu
)
zy =
e’ (z+1)
Suy ra
r_ y—x e*(z+1) 1
Uy = (y+z)2 e*(z+1) + Ytz
w! — Y=z eV(x+l) a4z
Y (g2 G (y+e)”

11. Tim dao ham ctia ham s6 an y(z), z(x) x4c dinh bdi he
r+y+z=0
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Lay dao ham theo z 2 vé cac phuong trinh trén ta dugc

y/_|_2,/:_1 y/:%
N y

yy + 22 = —x =L
=y

12. Phuong trinh 2? + 2 = {/y? — 22, xac dinh ham an z = z(z,y). Ching

minh rang

2,/ 1,7 __ 1
xzx—i—gzy—z

Ching minh. Ta c6

F:22+%—\/y2—22:0

r_ 2
F'=-%
I Y
Fy - Y222
F'=2 = -
z = az
y2—22
o y
/ 72 / y2_22
= 2y = L Zy =
z ZZ—I—*TZZ,Q’ Y 2z+ y;iZQ
2,7 1,7 _1
= Tz, + gzy 2
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z, = 2xIn(z + y)

1 2

T ooty

22" =2xIn (z +y) +

o M 2¢
W aty (ay)
" x?
22 = —
4 (z+y)°

c. 2= arctan%

2 +y?

Zy =

Zy/ — xzj_yQ
Z;c2” == —(xfj:ij
Z:Cy” - (52:_;22)2'
ZyQH - (x;iangf

14. Lay vi phan cap hai ctia cac ham s6 sau

a. 2 = oy? — 2y
2 =xy? — 2%y
Zx/ = y2 - me

I __ 2
2y =2y — X

Zl,z” = —2y
2o =2y — 2x
2" =22

= d*2 = —2yd*x + (2y — 2x) dxdy + 2xd?y

1
b. z = S

242y

(z+y)°
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/ —T

T (a24y?)°
I __ -y
2 = —a =
y (22+y2)° )
- (a:2+y2) —2.2x(m2+y2) _ Py da
v (224y2)* (22+y2)°
oM 2xy(x2+y2) _ _ 2xy
Y (a2+y?)" (a2+y?)”
2 2
"o xt+yt—4y
2.2 =
y (22+y2)°
2 224y’ —dx p 2xy 22 4+y2—4y 12
= d°z = d“x + ~dxdy + = d
(@292 @) YT gy Y

15. Tim cuc tri cia cac ham sé sau
a.z=x>+ay+y:+ar—y+1
Tim diém t6i han
2z =2xr4+y+1=0

= M (—1,1)
2 =x+2y—1=0

Tinh
2z =2r+y+1=0
y ~ M(=1,1)
z)=x+2y—1=0
A=2."=2 B=2z,/"=1 C=2z,"=2
= B? - AC =-3<0
Suy ra M la diem cuc tri vi A > 0 vay né la diém cuc tieu. zpi, =
2(-1,1) =0
b.z=x4+y— xeY
2’ =1—¢eY=0
= M (1,0)
2/ =1—ze¥ =0
A=22"=0, B=2z2,/"=—-¢e, C=zp"=—xe
= B(M)*> - AM)C(M)=1>0
Suy ra khong c6 cuyec tri
c. 2z =a24y2 — e @Y

Diém t6i han 14 nghiém ctia he
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21 + 2;66*(5”%3’2)

0
2y + 2ye*(“‘"2+y2) 0

Suy ra M(0,0).

A =242 (PH7) _gp2e(407)

B = —4a:ye_(x2+y2)

C=2+ 9¢~(a*+4%) _ 4y e~ (¥ +v)

Tai M(0,0) thi B> — AC = —4 < 0 vay M(0,0) la diém cyc tri va
A(M) =2 > 0 suy ra M(0,0) 1a diém cyc tiéu va 2., = —1.

d. z = 22% + yt — 22 — 22

2, =82 —2x =0
z/ =4y  —4y =0
= My(0,0), My(0,1), Mo(0, —1), Ms(5,0), My(3, 1)
M (3, ~1), Mo(—5,0), My (~4,1), My(—4, 1)
A=z2"=242% B=2,"=0, C=zp"=12y*—14

Tai My c6 B> — AC = —8 < 0 va A(My) = —2 < 0 suy ra M, la diém
cuc dai zpmee = 2(Mp) = 0.

Tai diem M, M, ta c6 B2 — AC = 2.8 = 16 > 0. Vay khong phai 1a
diém cuc tri

Tai M3, Mg c6 B> — AC = 4.4 = 16 > 0 suy ra khong phai la diém cuec
tri

Tai My, My, My, Mg c6 B> — AC = —4.8 = —32 < 0, vay la cac diém cuc
tri va c6 A = 4 > 0 suy ra la cac diém cuc tieu zp:, = 2(My) = 2(Ms) =
2(M7) = z(Mg) = —3.
16. Tim cu tri c6 dieu kién
a. 2 = 3+ - voi dicu kien 3 +

Ham Lagrange
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p

L,=—-5-2=0
S rT=1y=—2\ M, (—V/2a,—/2a) , ) = %
<L/y:_?_z_§:0 & Y & 1( ) V2
1 1 1 )\:i\/ii MQ(\/§a7\/§a)7>\:—%
S+ 5 ==
\ Y a

Xac dinh diem cuc tri
{ Var =5+ %’L//w =0,L"y = % + 16;% = d°L=2 [(%3 +23) da® + (3713 + %) dyﬂ

3

- it (o) (5)] 0
Tai M, (—\/§a, —\/§a) A= \% .
d’L =4 (—Ml\/5 + 4af\/§> do? = dz* = a@ffji > 0= M la cyc tiéu
Tai M, (\/§a, \/§a) S = —\% ;

¥L24( )@?:@?:—ﬁ2<0:A@mdﬁnmmmi

13
2a¢3V2  4a3V2
b. 2 = zy véi dieu kien x +y = 1

Doz +y=1=vy=1—x Baitoan dua vé tim cyc tri ham mot bién

z=z2(x)=x—2% xR

Tu d6 dé tinh dude 2,4, = %l dat tai (%, %)

17. Tinh gia tri 16n nhat va bé nhat clia cdc ham s6
a. z = 2°y(4 — v — y) trong hinh tam giac gi6i han béi cac dusng thing
r=0,y=6,2+y=6

Diém t6i han 14 nghiém ctia he

xy (8 —3x —2y) =0

2 (4—x2—2y)=0
= (0,y); (0,4); (2,1). Cac diem (0,y), (0,4) ndm trén bien va (2,1) nam

)
trong mién D. Vay ta so sanh gia tri tai (2,1) va gia tri ctia 2z G trén bién.

Taco 2(2,1) =4, 2(0,y) =0, 2(z,0)=0
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Trén o4y = 6 ¢6 z = 203 — 1222 khi x € [0, 6] thi z dat gia tri max bang
0 tai x = 0,z = 6 vA min bang -64 tai x = 4. Vay 2. = 4 tai z = (2,1)
VA Zmin = —64 tai © = (4, 2).
b. z = sinx +siny + sin(x +y) trong hinh chi nhat giéi han béi cac duong
thang 1 =0,z =3,y=0,y =13

Diém t6i han 1a nghiém cua hé

cosz + cos (z + y) =0
= COST = COSY

cosy +cos(x+y)=0

viz,y € [0,5] nén x = y suy ra x = y = %. Ta can so sanh gia tri clia 2

tai M (%, %) nam trong mien D véi cac gid tri ¢ bien.

3vV3
z(M):—\/_
2
Tren z = 0,z = 2siny,0 <y < § dat min bang 0 tai y = 0 va max biang
2 taiy = 3.

Trén x = Z ¢6

s
2

z:1+siny+sin<g+y) :1+\/§sin(y+%),0§y§

bo |

2 dat max bing 1+ v/2 khi y = T va dat min bing 1 + v2%2 = 2 khi
y=20,3.
Vi z,y d6i xing trong cong thic z nén trén y = 0 va y = 7 thi z dat

s

max va min nhu trén z = 0,x = 7.

Tom lai 2y = 22 tai (,7) VA 2y = 0 tai (0,0).
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